Stationary Stochastic Time Series Models

When modeling time series it is useful to regard an observed time series,
(z1, 22, ...,T5), as the realisation of a stochastic process. In general a stochas-
tic process can be described by an n - dimensional probability distribution
p(x1,x9, ..., Tn) so that the relationship between a realisation and a stochas-
tic process is analogous to that between the sample and population in classical
statistics.

Specifying the complete form of the probability distribution will in general
be too ambitious so we usually content ourselves with the first and second
moments, that is, (i) the n means, (ii) the n variances and (iii) the n(n —1)/2
covariances.

(i) E(x1),E(z2), ..., E(xy)
(17) V(z1),V(z2),...,V(xn)
(ti3) Cov(zs,xj), 1 < j.

If we could assume joint normality of the distribution, these set of conditions
would then completely characterise the properties of the stochastic process.
Even if this were the case, it will be impossible to infer all values of the first and
second moments from just one realisation of the process, since there are only n
observations but n (means)+ n (variances) + n(n—1)/2 (covariances) unknown
parameters.

Further simplifying assumptions must be made to reduce the number of
unknown parameters to manageable proportions.

Stationarity

A stochastic process is said to be strictly stationary if its properties are
unaffected by a change in the time origin, that is

D(X1, X2, oy Tn) = P(T1415 T241s ooy Tl -

A stochastic process is said to be weak stationary if the first and second
moments exist and do not depend on time.

E(x)=E(x2)=...=E(z;) = (1)
V(zy) =V(xg) = ... = V(xy) = 0* (2)
Cov(zs, xs—1) = Cov(@pqr, Te—pt1) = Vi (3)

Condition (3) states that the covariances are functions only of the lag k, and
not of time. These are usually called autocovariances.



From conditions (2) and (3) we can easily derive that the autocorrelations,
denoted as p,, also only depend on the lag.

_Cov(z1,23) _ v _ % (4)

o e e Vi) o 7

The autocorrelations considered as a function of k are referred to as the
autocorrelation function, ACF, or sometimes the correlogram. Note that since

Ve = Cov(xy, x4—1) = Cov(xs_g, x¢) = Cov(Ty, Tptp) = V_i

it follows that v, = v_, , and only the positive half of the acf is usually
given.

The Wold decomposition theorem

Every weakly stationary, purely non-deterministic, stochastic process (z;—pu)
can be written as a linear combination of uncorrelated random variables. (by
purely non-deterministic we mean that any linear deterministic components
have already been subtracted from z; ).

This representation is given by

(xe —p) = er+0160-1+02er o+ ... (5)

= Z@jé‘t_j where 90 =1

Jj=0

The sequence of random variables (e¢,e¢—1,€1—2,...) are assumed to be uncor-
related and identically distributed with zero mean and constant variance (a
white-noise process), that is

E(Et) =0
V(Et) = 0'2
Cov(eg,et—r) = 0 for all k.

Using equation (5) we can see that;
The mean of the process described in equation (5) is

E(x:) = p, (6)
The Variance is
Yo = Blx—p)?
= E(Et + 915,5,1 —+ 925t72 + )2 (7)
= o*(1+63 +603+..) (since Cov(esery) = 0 for all k)
o0
= o’ Z 03 where 0, =1 (8)
§=0



The covariance

pe = Elx—p)(@we—r —p)
= E(St + 915t71 + 926,5,2 —+ ...)(6,5,]9 —+ 915,5,1,]@ + 925,5,2,]6 + ) (9)
= E(Okft—kft—k) + E(9k+1015t—k—15t—k—1) Fo

= 02 29j0j+k, where 91 =0 (10)
7=0

Moving Average Processes

A moving average process of order ¢ is a special case of equation (5) where
the number of lags are truncated at q. For y, = x; — pu, is written as

Yt = &t + 915,5,1 + 925t72 + ...+ oth,q, t= ]., ,T

and denoted by y: "MA(q)
A finite moving average is always stationary since equations (6), (7), and (8)
will automatically satisfy the weak stationary conditions for a finite sum.

Example MA (1)

Yy =e¢ +b0iei (11)
Then
(1) E(y:) =0
(i1) E(ye)? = E(e¢ + 6161-1)* = 02(1 4 67)
(iii)

E(ywi—r) = Eler+60iei-1)(et—1 + 016¢—5-1)
020; for k=1
0 for k>1

(iv)

[ 6/ +067) fork=1
P = 0 for k>1

Example MA(q)



(it) E(y)? =o*(1+ 07+ 05+ ..+ 02)
(iid)
q
> 02004 fork=1,2,..,q
j=0

E(yryi—x) =
0 for k > q

(iv)

q q
1200293'9]4_;6/ E)H? for k=1,2,...,q
i= i=

0 for k > q

Pr =

Autoregressive Model
An autoregressive process of order p is written as
Yt = P1yt—1+ Goyr—2 + .. + Opyi—p +er, t=1,...T (12)
This will be denoted y: ~AR(p)

Example AR(1)

Y=oyt t=1,......T (13)

Notice that if this relationship is valid for time ¢, it should also be valid for
time ¢t — 1, that is

Yi—1 = P1Yt—2 + €11 (14)

Substituting equation (12) into equation (11) we get the following expression.

v = O (d1yi—2 Fer1) + &
= ¢%yt72 + Prer—1 + &

and repeating this procedure j — 1 times we get

Ye = ¢{yt—j + ¢{_15t7(j71) + ¢{_25t7(j72) + o+ P e (15)

Now if |¢| < 1 the deterministic component of y; is negligible if j is large
enough. Under this condition equation (13) might be written as



Y = Zﬁbjistfj (16)
=0

In other words, whenever |¢;| < 1, an autoregressive process of order 1 may
be written as an infinite moving average process in which the coefficient of ;_;
is ¢].

The first point to establish about an autoregressive process is the conditions
under which it is stationary. Clearly, for the AR(1) process the condition for
stationarity is |¢;| < 1 since whenever this condition holds the weak stationary
conditions are automatically satisfied:

Proof:
(i) The mean exists and does not depend on time.

B(y,) = E(i $lery) =0

Notice that this is only true when |¢,| < 1.

Using equation (13), we can easily verify that when |¢;| > 1, then

E(y) = o1y—j

Therefore, whenever |¢,| > 1, the expected value of y; depends on ¢, and
then violates the stationarity condition.

(#4) The variance exists and does not depend on time.

Vig) = v@o Hlews)

- E(fo Sleri)? (since E(ys) = 0)
j=
= FE( i@ ¢§jgf_j) (since € is a WN process)
J:
_& 2ipea v 2R g 02
) = J§0¢1 E(z—:t_j) =0 J;OQSI = 1= (since |¢,] < 1)
o2
= —7 17
R "

(7i1) The autocovariances exist and do not depend on time.

To calculate the autocovariance of an autoregressive process is slightly more
complicated than that of a moving average. We proceed in the following way;

E(yyi—k) = 01 E(Yi—1yi—) + E(erye—i),



or

Ve = 01 V-1 + E(etyi—r)

Now notice that

E(etyi—i) = E[Et((lsji_lgtfkf(jfl) + ¢{_25t7k7(j72) o P18 —k—1) F )]

Given that the error terms are WN processes, this expression is equal to zero
for k£ > 0, and we can write the autocovariance function as

Ve = P1Vk-1 (18)

From equation (16) we can easily derive the autocorrelation function that is

Pr = P1Pr—1 (19)

Therefore whenever the process is stationary the autocorrelation function
declines exponentially. Using equation (17) it can easily be seen that p, = gb]f Po-

Examples

The Lag Operator

The lag operator, L, is defined by the transformation

Lyt =yt (20)

Notice that the lag operator may also be applied to y;_1 yielding

Lyi—1 = yi—2 (21)
Now substituting (18) into (19) we get Ly, 1 = L(Ly;) = L*y; = y;—2 and

so in general
LEy, =y p for k>0 (22)

The lag operator can be manipulated in a similar way to any algebraic quan-
tity.
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Figure 1:

Example
Let us reproduce for convenience equation (14), an infinite moving average
process in which the coefficient of e;_; is ¢] , that is,
o0 .
yr = Y. ¢ler—; where we assume |¢;| < 1, then using the lag operator this
j=0
expression may be written as

oo}

Y= (¢1L)j€t =¢&i/(1—¢1L)

Jj=0

Notice that L is regarded as having the property that |L| < 1, and then
|¢, L| < 1, which is a necessary condition for the convergence of the series.
This can be rearranged in the following way

(1 - ¢1L)yt =¢&t

or

Yt = Oryi—1+ &
The Difference operator

The first difference operator, A, is defined as A =1 — L.
For example
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Figure 2:

Ay, = (1 - L)yt =Yt — Yt—1-
and

A’y =(1— L)%y = (1= 2L+ L?)y = yr — 2ys + Y12

Autoregressive processes using Lag operators

An AR(p) process may be written as,

(L= L — ¢oL? — ... — ¢, LP )y = &, t=1,...,T
or
O(L)yr = e, t=1,...T
where ¢(L) = (1 — ¢, L — ¢, L% — ... — ¢,LP).

The stationarity condition for an autoregressive process may be expressed
in terms of the roots of the polynomial of order p in L.

This may be easily understood for a first order autoregressive process. We
have shown that an AR(1) process may be written as,



(1= 91 L)y = 4, t=1,..,T

then we consider the roots ( one in this case) of the polynomial in L, (1 —
¢,L) =0, that is L = 1/¢, , which is greater than 1 (in absolute value) whenever

|p1] < 1.
In general an autoregressive process of order p is said to be stationary when

all the roots of the polynomial (1 — ¢, L—¢yL* —...— ¢, LP) lie outside the "unit
circle”. (there are all greater than one in absolute value).

Moving average processes using Lag operators

yr = (1+61L+ 60217 + ... + ¢, L%)e, t=1,...

or

ye = 0(L)e

where (L) = (146, L+ 02L% + ... + ¢,LY).

Sometimes we want to express a moving average as an autoregressive pro-
cess. For this to be possible we need to impose conditions on the parameters
similar to the ones we impose for stationarity. If these conditions hold the mov-
ing average process is said to be invertible.

Invertibility
ARMA (q) process is said to be invertible if all the roots of the polynomial

(14+601L+05L% 4 ... + ¢,L9) lie outside the unit circle.

Autoregressive Moving Average processes - ARMA processes

An autoregressive moving average process of order (p, q), denoted as ARMA(p, q)

is written as

Yt = O1Yt—1 + Po¥t—2 + oo + OpUt—p + & + 01601 + 02812 + ... + 04514

or



with ¢(L) and 6(L) defined as before.

Notice that the AR(p) and the MA(q) are special cases of the ARMA(p, q)
process. The stationarity of an ARMA process depends solely on its autore-
gressive part and the invertibility only on its moving average part. Therefore
an ARMA process is stationary if the roots of ¢(L) are outside the unit cir-
cle and it is invertible whenever the roots of 6(L) are outside the unit circle.
If both conditions hold an ARMA process can be written either as an infinite
autoregressive process or as a infinite moving average process.

Example ARMA(1,1)

Yt = Pr1yr—1 + et + 01601

Autocovariance function of an ARMA(1,1).

Yo = Ewyi—i) = 01 EWi—1yi—k) + E(eryi—i) + 01 E(ee—1Y¢—1)
= O1Vh_1 + E(eye—i) + 01 E(et—1yi—k)

When £ =0
Yo = 171 + E(et(dq1yi—1 + &1+ 0160-1)) + O1E(g4—1(P1y1—1 + ¢ + Pr61-1)
where
o E(ei(pyi—1 +er+618i-1)) = o>
o E(ci 1(d1 (1Yo +er_1 + 0160 2) + e +01601)) = (¢ + 01)0>

then
Yo = ¢171 + 0% +01(dy +01)0?
When k=1
Y1 =170 +01E(et-1(P1ys—2 + €41 + bh1er-2))
then
M = ¢1Y +010°
for k> 2

Ve = P1Vk—1

The autocovariance function is therefore

(i) Yo = @171 + 02+ 01(¢) + 01)0?

10



(i4) v, = ¢17o + b10°
(m) Vi = P17Vk—1

Equations (i) and (i¢) are a system of two equations with two unknowns =,
and v, .

14607 +2016, ,
Yo=——7F = ©
1—¢7

(14 019,)(o; + 91)02
1— ¢

1:

Partial Autocorrelations

Autocorrelation functions are very useful to identify the existence and the
order of a moving average processes. We have also shown that the autocor-
relation function of an autoregressive process declines exponentially, but it is
difficult to guess the order of the autoregressive process from the plot of the
autocorrelation function. In other words we know that the autocorrelation func-
tion of an autoregressive process declines exponentially but this plot does not
enables us to distinguish between an AR(p) and a AR(p + 1) process.

To help with this problem of discrimination we define the partial autocor-
relation function - PACF. In general, the correlation between two random
variables is due to both being correlated with a third variable, e.g the correlation
between y; and y;_2 , for an AR(1) process has to come through the correlation
between y; and y;—1 on the one hand and y;—1 and y;_2 on the other hand.

So the k*" partial autocorrelation, ¢, = ¢, , function measures the corre-
lation not accounted for by an AR(k — 1) process.

For an autoregressive process of order p the Yule-Walker equations are given
by the following recursion formulae;

Pr = GP1Pp—1 + Papp 2+ P3pp 3+ F Oy for k=1,...p.

Then we just need to set k = p or ¢, = ¢, and solve the following system
of equations.

P = P11Pk—1 + P22Pp—2 + P33Pp_3 + . + iy,

Then I give values to k that range from 1 to k and generate a system of k
equations in k unknowns.

p1 = 1100 + Po2p1 + P3300 + - + PprPr_1 for k=1
P2 = P11P1 + Paap + G331 + o+ PppPr—2 for k=2
Pr = P11Pk—1 + P22Pr—2 + P33Pr—3 + - + OpiPo for k =k

11



And solve the system for ¢, using kramer’s rule.

In practice, however we are ignorant of the true values of p; as well as k (the
order of the autoregressive process), which is of course, the whole problem. As
we will see later, the empirical methodology will consist in trying to find which
¢ 18 not significantly different from zero.

If the process generating the data is of pure moving average form, what
pattern would we expect to find for the partial autocorrelation function? Since
an MA process may be written as an AR process of infinite order, we should
expect a moving average process decays exponentially.

Example AR(1)

Pr = P1Pk—1 , then pp = @110, sincep =k =1,
p1 = P11P0 for k = 1.

Then
p1=¢1 = ¢ for k= 1.

Example AR(2)

Pr = P1Pp—1 + P2P_2
then

Pr = P11Pk—1 T Poopp_o since p =k =2,

Giving values to k we construct the following system of equations

p1 = G111 Paapy for k=1,
P2 = ¢11p1 + Pao for k=2,
then
2
_ P2 P
¢22 1 p% N

gZ5”:0f0rk>2

12



Summary of Identification rules using ACF and PACf

For an AR(p) Process

(i) the ACF declines exponentially
(74) the PACF is zero for lags greater than p.

For a MA(q) Process

(i) the ACF is zero for lags greater than q.
(74) the PACF declines exponentially

Therefore using sample information, we might calculate sample ACF and
PACEF to try to identify the right model. These methodology advocated by Box
and Jenkins usually consist of four steps.

(1) Transform the data, if necessary, so that the assumption of covariance
stationarity is a reasonable one.

(2) Make an initial guess of small values of p and ¢ for an ARMA(p, ¢) model
that might describe the transformed series.

(3) Estimate the parameters in ¢(L) and 6(L)

(4) Perform diagnostic analysis to confirm that the model is indeed consistent
with the observed features of the data.

We have up to now assumed (1) holds and described point (2). Now we
are going to explain both the empirical properties of the sample analogs of the
above defined parameters and how to estimate these models.

Properties of the correlogram, the PACF and other Sample
Statistics.

The correlogram is the basic tool of analysis in the time domain. An inspec-
tion of the correlogram may lead to the conclusion that the series is random,
or that exhibits a pattern of serial correlation that which perhaps can be mod-
eled by a particular stochastic process. In order to decide which model is best
representing the data, it is necessary to know something about the sampling
properties of the correlogram and related statistics such as the mean and auto-
covariances.

Sample analogs for the ACF and PACF function

We have described the autocorrelation and partial autocorrelation function
in terms of the population autocorrelations. These values can be estimated
from a single series. In general this involves to calculate the following sample
moments

13



The sample mean

The sample mean, i, is an unbiased estimator of the mean of a stationary
process, u. It is calculated as

It can easily be shown that f is unbiased. It can also be shown that, al-
though it is algebraically demanding, that the sample mean is also a consistent
estimator.

The Sample Variance

T
Fo=T""> (y: — )
t=1

The sample Autocovariances.

T
Ap=T"" Z (ye — ) (Ye—r — 1)
t=k+1

The sample Autocorrelations

The sample autocorrelation, py, , is defined as the ratio of 4, and 4, .

Pr =Y/ Yo
It can be shown that the asymptotic variance of p;, , Avar(py), is approxi-
mately (1/T), where T is the sample size. Using this approximation, the stan-

dard deviation is clearly /(1/T) .

Testing for the significance of p,

In order to identify in practice, using autocorrelation functions, which par-
ticular type of model is the one that best represents the data, we should test
whether the different parameters p;, are different from zero. Under the null hy-
pothesis, i.e. p, =0, p;, is distributed asymptotically (valid for large samples)
Normal with mean zero and variance (1/T).

Proceeding on this basis, a test may be carried out on the sample auto-
correlation at a particular lag, 7, by treating /T Py, as a standarised normal
variable. At a five percent level of significance, the null hypothesis is rejected if
the absolute value of v/Tp, is greater than 1.96.

14



Testing for the significance of ¢,

We proceed in a similar way than the one we describe to identify the par-
ticular model using autocorrelation functions. We test whether the different
parameters ¢y, are different from zero.

Under the null hypothesis, i.e. ¢, = 0, is distributed approximately asymp-
totically Normal with mean zero and variance (1/7).

Unfortunately these identifying tools won’t tell us neither whether the pre-
ferred model is mispecified, nor what to do when two different models, say
ARMA(1,2) and ARMA(2,1) seem to be equally valid. Therefore we will need
to estimate these models.

Autoregressive models may be estimated simply by OLS but this procedure
is not useful whenever the model has Moving Average terms. To estimate these
models we need to use another procedure.

Maximum Likelihood Estimation

The principle on which estimation of ARMA models will be based is that of
maximum likelihood.

We will present this principle for the simplest case which entails to find
estimators of the mean and the variance of a random variable, say X, which
is known to be normally distributed. The vector of population parameters is
(n,0%).

The principle may be expressed as follows. Given a sample (z1,xa, ..., Zy),
which are the values of the population parameters that have most likely gener-
ated that sample.

We then define the likelihood function as a function of the parameters given
the sample, that is,

L(p, 0?21, 20, oy 2n) = flx1|p, 0%) f(@a|pty )i f(zn|u, 0?)

In writing the right hand side as the product of the density functions we have
made use of two assumptions; i) the random variables are identically distributed,
ii) there are independent.

We can rewrite the likelihood function as

n

E(/j/70'2|$1,3)2, 7$N) = Hf(.ﬁl'/j/,O'Q)

i=1

where II is the multiplication operator and

9 1 C1i-m?
flailp, 0%) = —s—e #EFT

15



Notice that

o =

n 2
H _ 1 67%(11*#) . ( 1 )neié -
pai 2o 2o

The Maximum likelihood estimators, ji and 52, are designed to maximize the
likelihood that the sample comes from a normal distribution with parameters
w and o2. To find them optimally we just differentiate the likelihood function
with respect to p and o2.

Notice that if we make a monotonic transformation of the likelihood func-
tion, the optimal values are not affected by the transformation. Sometimes is
algebraically easier to maximize the logarithm of the maximum likelihood, that
is

log(£ (1, 0% |21, 23,y 2a)) = —5log(2m) — nlog(o) — =

Optimization

i=1 _
o o2 =0
z N2
dloge)  n  HTTH
do o o3

Conditional Maximum Likelihood Estimates

Usually when we estimate ARMA(p, ¢) models we evaluate the conditional
maximum likelihood. What is meant by conditional is that we assume that the
first max(p, ¢) observations are known. In practice we maximize the likelihood
usually by numerical procedures.

For example for an AR(1) process



Yr = QY1 + & t=1,2,T

We then assume the log of joint distribution of yp,yr_1,...,y2 conditional
on the value of ¥ .

T
f(yTanylv "'7y2|y17¢1>02> = H f(yi‘yi—la ¢130—2)
1=1

the objective then being to maximize

T

> (Y — dryi1)?
= —(T — 1)log(2n)® — (T — 1) logo — =2

20

.. . . . .Y A2
We maximize this function by numerical procedures and obtain ¢, 6°.

The ”Portmanteau” statistic.

The final step in the Box - Jenkins methodology is to perform diagnostic
analysis to confirm that the model is indeed consistent with the observed features
of the data. If the model that we identified is the right one, the residuals of the
estimated are supposes to be white noise. The most common test for whiteness
of the residuals is the ”Box and Pierce” test which makes use of the @ statistic.

The ”Portmanteau” statistic, @, defined as

k
Q (k) =T 7}
i=1

it can be shown to be asymptotically distributed, under the null hypothesis
that y; is a white noise, chi square with k degrees of freedom.

If the test is applied to the residuals of an estimated ARMA(p, ¢) model, say
g, then Q* (k) is distributed x?(k —p — q).

This statistic has bad small sample properties. A better approximation is
obtained by modifying the statistic in the following way.

k
Qk) =T(T+2) Y (T —i)"'p

i=1

This statistic is the one reported in the econometric package EVIEWS

The use of model Selection Criteria.

17



The model selection criteria is a set of rules that will help us to discriminate
between alternative ”successful” models. That is, it might be that we end with
two alternative models that ”pass” all the relevant test and I need to somehow
to decide between them. The most used criteria are

The Akaike Criteria (AIC)

AIC(p,q) =logé” +2(p+ )T~
The Schwarz Criteria (BIC)
BIC(p,q) =1log” + (p+¢)T " log(T)

These criteria are used as follows; whenever we have two different models
that seem to be equally good we choose the model which has smallest AIC or
BIC.

Forecasting with Time-Series Models

When we introduced the concept of stochastic process as models for time
series at the beginning of the course, it was with the ultimate objective of using
the models to infer from the past history of a series its likely course in the future.
More precisely we want to derive from a model the conditional distribution of
future observations given the past observations that it implies. This final step in
the model building process is what we refer loosely as forecasting. It should be
noted that in practice the model in hand is never the hypothetical ”true” process
generating the data we have observed. Rather, it is an approximation to the
generating process and is subject to errors in both identification and estimation.
Thus, although we shall discuss forecasting as if we knew the generating process,
it is clear that our success in practice will depend in part on the adequacy of our
empirical model and therefore on success in the preceding stages of identification
and estimation.

Minimum Mean-square-error Forecasts

The main motivation for beginning the discussion about forecasting with the
conditional expectation is that in many operational contexts it is desirable to be
able to quote a point forecast, a single number, and the conditional expectation
has the desirable property of being the minimum mean square error forecast.
That is, if the model is correct, there is no other extrapolative forecast which
will produce errors whose squares have smaller expected value.

Although we have not discussed how conditional expectations are computed,
this general result is easily demonstrated as follows.

Given the availability of a set of observations up to, and including yr , the
optimal predictor | steps ahead is the expected value of yiy; conditional on the
information at time t = T. This may be written as

Vi = E*(Yera|I7)

18



The predictor is optimal in the sense that has minimum mean square error.
This is easily seen by observing that for any predictor, E(y;;|Ir), constructed
on the basis of the information available at time 7', the forecasting error can be
split into parts:

Yert — e = Wert — E@ealIr)] + [EYel IT) — Yegyr)]

Since the second term on the right hand side is fixed at time T, it follows
that, on squaring the whole expression and taking expectations at time 7', the
cross-product term disappears leaving.

MSE(Gii7) = VarGeryr) + Heryr — E@en|I))?

In the first term on the right hand side, the conditional variance of y;4; ,
does not depend on ¥y 47 . Hence the minimum mean square estimate (MMSE)
of y44; is given by the conditional mean and it is unique.

Computation of Conditional Expectation
Forecasts

One-Step-Ahead Forecasts

We now consider the question of how to construct an MMSE of a future
observation from an ARMA process, given observations up to and including
time 7. The ARMA process is assumed to be stationary and invertible, with
known parameters and independent disturbances with mean zero and constant
variance 2.

The equation of an ARMA (p, ¢) model at time T+1 is

Yr+1 = Oy + Goyr—1 + oon + Gpyr—p1t+
€r41 + Ore7 + Ooep_1 + ... + Oqu—q—i—l

then

Yirr =  G1Yr + Goyr—1 + oo + BpyT—pra1t
Orer +00er_1 + ...+ 9q6T_q+1

Since all variables with time subscripts through period T have been realised
(are no longer random) and E(ep41|I7) = 0.

For the numerical evaluation of ¥, 1 from the above equation we need a
value for the disturbances.

Optimal predictions for ARMA models

19



We now consider the question of how to construct an MMSE of a future
observation from an ARMA process, given observations up to and including
time 7. The ARMA process is assumed to be stationary and invertible, with
known parameters and independent disturbances with mean zero and constant
variance 2.

The equation of an ARMA (p, ¢) model at time T + [ is

Yrr = OUrei-1r + QY2 + s + OpYUrpi—prt
et + O1érpi—1r + 028 + o + 08T

1=1,2, ...
Where
B ) . 0 for j >0
YT 44T = Y7+j for j <0 and éryjr = { y forj’ <0

This expression provides a recursion for computing optimal predictions of
the future observations.
Example 1 For the AR(1) process

YT+l = O1YT+1-1 + €741 at time T + 1

YT = Or1YT4I-1T 1=1,2,....

The starting value is given by 77 = yr , and so the previous equation may
be solved to yield

§T+1|T = ¢l1yT

thus the predicted values decline exponentially towards zero, and the forecast
function has exactly the same form as the autocovariance function.

Let us calculate the forecast error for this process

Yre — Urayr = Gyrsi-1 + e — Syr

= $lyr +eri+ dreriio1 + dreriia + o+ ¢ ters — dlyr

Then, the variance of the forecast error 1 periods ahead is given by

V(yrei —Jrwr) = V(ery +drerpi1 + ¢leriia+ ... + ¢ lery)
= A+ +¢t .+ o2
Note that the variance of the forecast error increases (nonlinearly) as | be-
comes large.

Example 2
At time T + 1, the equation for an MA(1) process is of the form
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Y141 = €741 + bier

Then in general

Yrir = Erquyr + 018 rp—1r

?/J\T+Z|T = 915T fOT =1
= 0 forl>1.

The variance of the forecast error for a MA(1) is

V(yrs1 — §T+HT) = o? fori=1

= (14630 forl>1

Thus the forecast error variance is the same for a forecast 2, 3, etc periods
ahead, etc.

The ARMA(1,1) Process

Yt = P1yt—1 + €t + 01601

Uryyr = $yr +Oier forl=1
= ¢ Yrri-1T for I >1
= ¢lyr + ¢ 01

(derive the MSE of the forecast as before).

Measuring the Accuracy of Forecasts

Various measures have been proposed for assessing the predictive accuracy
of forecasting models. Most of these measures are designed to evaluate ex-post
forecasts. The most well known are

The Root Mean Squared Error

1 T+l R
RMSE=,|7 > (T-Yip?
i=T+1



where [ is the number of periods being forecasted
The Mean Absolute Error.

1 T+l R
MAE =7 3 [V =i
1=T+1

Which indicator should be used depends of the purpose of the forecasting
exercise. The RMSE will penalize big errors more than the MAE measure.

Consider the following two models, say 1 and 2. Assume model 1 forecasts
accurately most of the time but performs very badly for an unusual observation.
On the other hand assume that model 2 forecasting performance is poor most of
the time but predicts the unusual observation with small error. Comparing the
forecasting performances of these models whenever we use the RMSE indicator
we would probably favour model 2, and favour model 1 when the MAE criteria
is used. In this extreme experiment the preferred model depends very much on
the preferences of the user, that is whether she prefers to forecast most of the
time poorly but get right the unusual observation ( e.g. a devaluation of the
currency) or have most of the time a good forecast even if forecasts completely
bad the unusual observation ( buy pounds on tuesday before black Wednesday).

Appendix 1

White’s Theorem

— 1
Theorem 1 If {Y;}°, is a martingale difference sequence with Y = T >Y:
and

o E(Y?) = 02 with 02 5 02

e The moments E|Y;|" exist for r > 2
1
*T LY? = o2
then it can be shown that VTY r ~ N(0,0?).

Consider now the following infinite moving average representation for Y,

oo
}/2 = E 1/)j€t—j7
j=0
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with E(g;) = 0, E(¢?) = 02, and define the randomvariable X; = &,Y;_ for
kE > 0. Then, X; is a martingale difference (if &; is did, ete¢—1 is a martingale
difference) with variance F(X?) = 02 E(Y;?) and fourth moment E(e})E(Y;}) <
0.

1
Now if we can prove that T S X? L E (X?) we would be under the condi-

1
tions of the White theorem and can use that vT X = Wi M X, "N(0, E(X?)).

or alternatively

) S l)

1
Proposition 2 T X7 L E(X?):
1 1
Proof. To prove proposition first note that T YXE = T MetY?r, =
1 1
—N'(e? -0 2+ =N"0%Y?, =0 .This results arise since
7 (e~ oY+ = Y 0?Y2 D 02 E(Y2). This results arise si
1) (ef —0 “ . 1s a martingale difference with finite second moments
(i) (F—02)Y2, | ingale diff ith fini d
1
and therefore T S(e? —a?)Y?2, Lo,
oy 1 2yv2 P o 2
(i) 7 S 0?2, 2 o B,
1
Then, it follows that T S X? Sl c?E(Y?)=E(X?). 1
Asymptotics of an AR(p) process.

Consider an autoregressive process

T =+ Q1T+ Qo2 + .. + QT + &1

We may write the standard autoregressive model in regression notation

Yo = 2B+ we

where y, = x4, 2z = {1,241, T4—2,...T4—p}/, etc.

Here we cannot assume u; is independent of 2y , although is independent
of z; . Without this we cannot apply any of the small sample results and have
to rely on asymptotic results.

Consider the OLS estimator of 3. Then we can write

VI (br = 8) = (1/T) Y ze2) (VD) Y zeue)
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where

-1

1 T_1 th—l . T_1 th—l
(YT)Y 2z~ = T Yy TP al, . T Y aame,
T-1 D xp T-1 M@y 7-1 fofp

The elements of the first row converge in probability to u = E(x:) and
T~ Y x4z ; converges in probability to E(x;_;z¢—;) = Yiej t+ w2

Then ((1/T) Y 2¢2;)~! converges in probability to @', with the elements
of @ defined as above.

For the second term z;u; is a martingale difference with positive definite
variance covariance given by E(zusuiz,) = E(u?)E(2z2)) = 02Q.

Then using standard arguments

(VDY zu) L N(0.0°Q)

. . 1 _ 2 .
(notice that plim % ) var(zus) = 0°Q since z;u; sequence of random vec-

tors with E(zu;) = 0 (a martingale difference) and (z,usus2)) = E(u?)E(22) =

a*Q.)
Then it follows that

VT(br—p) L N(0,0°Q7")

(since ((1/T) ¥ z2)) "1 2 Q' and VT (br—B) = (1/T) ¥ z12) {(1/VT) L zw) L N(0,0°Q71QQ ™"
N(0,0%Q7).)

For an AR(1).

Yt = O1Yt—1 et
Th;n Q=E(yi.) =7 =0%/1-¢".
VT(¢r —¢) L N(0,0%(0?/(1 - ¢%)"1) = N(0,(1 - ¢%))
Appendix 2

Forecasts based on Linear Projections and Updating these Projec-
tions.
Consider
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P(Yri1|Xy) = ar Xy

Then, if

E[(Yit1 — a1 X)) X{] =0,
arXy is called a linear projection of Y; 11 on X .
Properties of linear projections
(1) E(Yi1X;) = a/E(X X7)

then
o = BE(Y 1 X)) (E(X, X])™!

(it) The mean square error associated with a linear projection is given by
E(Yi1 — arXy)? = B(Yi41)? — E(Yi1 Xo)(B(X X{)) "' E(XYi41) (once
we substitute and rearrange terms)

(#4¢) If X; includes a constant, then projection of aY;y1 + b on X;
P(aYiy1 +b[Xt) = aP(Yi1|Xe) +0
Updating a linear Projection and Triangular Factorizations
a) Triangular Factorizations

Consider the following Matrix

Qi1 Q2 Qs
Q=] Qa1 Qoo o3
Q31 Q3p Q33

Assume () is symmetric.

Now multiply the first row by leﬁfll and subtracting the result from the
second row it yields a zero in (2, 1), while multiplying the first row by Q31 Q7' and
subtracting the result from the third row it yields a zero in (3, 1)

Then if we pre-multiply by

1 0 0
Ey=| —QuQy 1 0
Q307 0 1
Qq Q2 E
0 Q90-00197'Q1a Q03-021Q17 Q3
EiQ = hao has
0 Q39-03107 Q10 Q33-031Q77 Q3

h32 h33
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Then

Q11 0 0
ElgEi = 0 922—92101_11912 923—92191_11913 =H
0 Q30-Q319' Q2 Q33-Q31Q1,' Qi3
hi1 0 0
H=1| 0 ha ho
0 h3za has
Repeating the same line of reasoning let define
1 0 0
Ey=10 1 0
0 -hashyy 1
hi1 0 0
E;H=1| 0 h has
0 0  hsz-haohyy hos
and
hi1 O 0
BaHE,= | 0 hoo 0 -D

0 0  has-haahyy has
Then 2 can always been written in the following way Q2 = ADA’ where
A= (EyF)~' = E[ By

Where _
1 00
Ef'=| Q0 1 0|,
| 231957 0 1
[ 1 0 0
Eyt=10 1 and
| 0 hgohoy 1
1 0 0

A= | Q07 1 0
Q3197 hashgy 1

Updating a Projection

Let Y = {¥7,Y5,...Y,;}'be a vector of random variables whose second moment
is

O =E(YY')

Let Q = ADA’ be a triangular factorization of 2 and define W

W =A"lY

Then E(WW') = D, and the W are random variables which are uncorre-
lated.

Consider n = 3
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Then

1 0 0 W1 Yl
Q1 Q7 1 0 Wy | = Y
Q31977 haohoy 1 W3 Y3

The first equation states

Wi=Y;

The second equation leQﬁlWl + W5 =Y, , and defining o = (221(21_11 and
using the first equation we have E(WyW;) = 0 (because of the orthogonaliza-
tion) = E((Y2 — aY¥1)Y1) = 0.

Then the triangular factorization can be used to infer the coefficient of a lin-
ear projection. In general row i of A has the interpretation of a linear projection
of Y; on Y] .

Then W5 has the interpretation of the residual of a linear projection of Y5
on Yi so its MSE is E(WQWQ/) = DQQ = 922—92101_11912

The third equation states that

Qa1 QW+ haohgy Wo + W3 = Y3

or

Wi = Y3 — Q51007 Y1 — haohgy (Y2 — 22197, V1)

Thus W3 is the residual of subtracting some linear combination of Y; and
Y, from Y3 , and this residual is uncorrelated by construction with either W7 or
Wy, E(WsW;) = E(W3W3) = 0.

Then

E[(Y3 - leﬂl_llyl - h32h2_21 (YQ - 92191_11Y1))W1‘] i=1or 2.

Then the linear projection is

P(Y3]Y2,Y1) = Q31017 Y1 + hashay (Yo — Q010Q77'Y1)

with MSE = D33 = hgg-hggh;;hgg

This last expression gives a convenient formula for updating a linear pro-
jection. Suppose we want to forecast Y3 and have initial information about Y3

Then

P(Y3|Yy) = Q3 Q1 1.

Let Y5 represent some new information with which we want to update the
forecast. If we where just asked the magnitude of Y5 on the basis of Y; alone
we get

P(Y3|Y1) = Q01 Q11 Y5.

On the other hand we know that

P(Y3|Y1,Y2) = Q1 Q0 V1 + hgahoy (Y2 — 197 V1)

Then

P(Y3|Y1,Ys) = P(Y3]Y1) + hashyy (yo — P(Ya|Y7))

so we can thus optimally update the forecast P(Y5]Y;) by adding to it a
multiple hzohsy of the unanticipated component of the new information.
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Notice that hoy = E(Yz — P(Y2|Y7))? and hza = E(Ys — P(Y2|Y7))(Ya —
P(Y3]Y1)), then the projection formulae might be written as.

P(Y3|Y1,Y2) = P(Y3]Y1)
+E(Ys — P(Ya|Y1))(Ys — P(Y3|Y1)).(E(Ya — P(Ya]Y1))?) 1 (Ya — P(Y3|Y1)).
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