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Chapter 9  Production

Chapter Summary

Starting with Chapter 9 the discussion shifts from a focus on the consumer to a focus on production and the firm. Chapter 9 is primarily concerned with production. The text begins with an example about a production worker, Woody Allen, to illustrate the point that production includes not only widgets and automobiles but any good or service that people desire.

The first main section deals with production functions. After a discussion of fixed versus variable inputs, a production function with one variable input (labor) and one fixed input (capital) is developed. The concepts of total, marginal, and average product are developed and the text spends a great deal of time distinguishing between average and marginal products, including a carefully worked out example involving maximizing the amount of beef produced from 2000 steer who can graze on one of two pastures.

The next section covers production functions with two variables It begins with a discussion of isoquants. The topics of increasing, decreasing, and constant returns to scale conclude the chapter. The more technical elements of production theory are presented in an appendix.

Chapter Outline

Chapter Preview

The Input‑Output Relationship, or Production Function

Production with One Variable Input

The Relationship Between Total, Marginal, and Average Product Curves

The Practical Significance of the Average Marginal Distinction

Production with Two-Variable Inputs

Returns to Scale

Summary

Appendix: Mathematical Extensions of Production Theory

Teaching Suggestions

1. Have students sketch out a production matrix in class for a local McDonald's restaurant. Force them to fill in the boxes with actual hamburger numbers as the number of workers increases. At first increasing returns will most likely be evident because students intuitively realize things like specialization and time-motion efficiency. They may have less of an intuitive sense of diminishing returns, but you can always get there if you have enough  columns to add labor. Under what conditions would the total product fall to zero? It is not too early to ask students how many workers they would hire if they were the manager. Only a few will recognize that the wage rate must be related to the marginal product. If the numbers are reasonable in your production matrix, you can use the data to illustrate the relationship between average and marginal product and the normal stage 2 of production. Students can understand readily why no hiring will occur beyond the zero marginal product point, but they have trouble seeing the beginning of stage 2 logically. (See stumbling block 2 below.)

2. If you used some three-dimensional aid for consumer utility, drag it out again to illustrate the typical production surface. I like to start with this method because students can see the short- and long-run distinctions as merely different cuts of the production mountain. The difference between economies and diseconomies of scale and increasing and diminishing returns can be illustrated on the mountain of production better than with a simple verbal explanation. If your production function is made of malleable clay, illustrate how short-run and long-run functions are affected by different shapes of the surface. It is never too early to drill in the distinctions between the short run and the long run. 

3. Ask the question: Can you show the concept of diminishing returns using isoquants? This requires students to have a good grasp of many of the chapter's concepts, so you will have to help them through the problem by first identifying the question as a short-run question. That should clue them into locking in a fixed amount of capital. Then they will need to know that the slopes of the isoquants are equal to the ratio of the MPL/MPk. As the quantities increase with additional isoquants, the slope of the isoquant gets flatter at the fixed level of capital. This means that the MPL is falling. This question is one of the study guide problems for this chapter, so the students should have thought about the question before class if study guide assignments are made. 

4. If your class has more football fans than tennis players, substitute for the lob and passing shot story a problem for the Monday morning quarterbacks. If the average number of yards gained when a team passes is 8 and the average number of yards gained on running plays is 3.4, why don't teams always pass? Make up some functions for these plays and find the optimal percentage of passes for a team. This is one chapter where the appendix is as important as the regular chapter material. 

5. Spend some time discussing whether factor substitution is realistic. Are perfect substitutes and perfect complements meaningful concepts in an office or factory? If your students have not had any experience in factories, consider labor and capital ratios in the classroom process or in the kitchen at home. Perfect complements will generally be considered more common, but it is worth exploring what conditions will lead to a zero marginal product of a particular input. One way of getting at the question is to find out whether more capital will be turned down even if it is free. 

Stumbling Blocks for Students

1. The value-added production function which ignores raw materials makes sense logically, but it is hard to discuss production without thinking about the total product as the output, especially when we follow up in later chapters with product pricing models.  Do we see the perfect competitive price as a price of the value-added to a product rather than the price of the product itself? Since we tie production and cost together so clearly, we must be careful not to confuse the perceptive student who wonders about a value added price of the product. It is important to emphasize the point made in the text that adding in the raw materials would be a small complication that is omitted for simplicity. 

2. Students seem to have a hard time understanding why the area from the peak of the marginal product to the peak of the average product curve is not in the relevant range of production. Since the text does not make an issue of stage two of production, it is worth showing why any competitive wage above the average product would be a losing proposition for the owner. Also, if the wage is below the average product, it will always pay to keep hiring as long as the marginal product is greater than the wage rate. Although this discussion gets ahead of the material into factor considerations, it is necessary to deal with these questions on an intuitive level. The heavy emphasis in the text on the average-marginal distinction will help get over the hurdle of locating  the relevant range of production.

3.   Students often see isoquants as arbitrarily labeled. Output levels have no relationship to the distance separating isoquants, so it is helpful to see the production surface as having differing degrees of steepness. It might be helpful to draw a short-run production function with points along it showing equal increments of output. When viewed from the top down, the dots will be at differing distances for equal output quantities. 
Answers to Questions for Review

1. a) an opera singer performing an aria; 

1. b) Carl Lewis running the 100 meters; 

1. c) an economics professor teaching intermediate micro

2. McDonald's hamburgers

3. The person hiring wants to know how much an additional worker will add to total production.

4. His IQ was below average for Alabama, but above average for California.

5. They are equivalent mathematically except for the fact that one can measure production but not utility.

6. Decreasing returns is a long-run phenomenon; diminishing returns is a short-run phenomenon.

7. As shown in the diagram, MP is decreasing from L1 onward, whereas AP does not begin to decline until L2.  So false.
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8. False. For the average product to increase, the new worker should contribute more than the existing average. Thus his marginal product should be more than the average product before his arrival.

9. Under cosntant returns the output will be 2, under decreasing returns to scale the output will be less than 2 and under increasing returns to scale the output will be above 2.

Answers to Chapter 9 Problems

1. The production function in (1a) has a constant marginal product of labor for all levels of labor input, and the production function in (1b) an increasing marginal product of labor for all levels of labor input.  So neither production function obeys the law of diminishing returns.
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2. The missing numbers for the total product cloumn are 0, 320, 480. The missing numbers for the average product column are 180, 160, 140. The missing numbers for the marginal product column are 180, 100, 60.

3. The marginal product of labor equals its average product at the maximum value of AP.  The MP of the next worker hired will thus be less than his AP.  The next worker should thus refer to be paid his AP.  The employer would prefer to pay MP. 

4. The marginal product of the second hundred officers sent to Center City is only 35 arrests/hr, and this amount is less than the 40 arrests/hr they could achieve in West Philadelphia. They should instead be sent to West Philadelphia. The allocation is 100 officers to Center City and 400 to West Philadelphia. 

5. All 500 police officers should be sent to West Philadelphia.

6.   a) It is 2 units of output for all initial levels of output when the capital is fixed at 3 units.

6.   b) The marginal product schedule is as follows:

1st unit of labor:
 4 units 

2nd unit of labor:  6 units

3rd unit of labor:  2.5 units

Thereafter, the marginal product is fixed at 2.5 units for each extra unit of labor. It shows increasing marginal product up to the second unit of labor, decreasing marginal product until the third unit of labor and constant marginal product thereafter.

6.   c)  Because F(2, 2)=13 is more than twice as large as F(1, 1)=4, the production function has

           increasing returns to scale in this range.  So FALSE.



7. a)
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7. b) Maximum production (Q=9) occurs at L=6.  [Calculus trained students: To find the maximum, take the first derivative and set it equal to zero and solve for L: dQ/dL = 3 - (1/2)L= 0, which yields L = 6, Q = 9.]

7. c) For 0<L<2, MPL is increasing.  For 2<L<7, MPL is decreasing.

7. d) MPL < 0 for L>6.

8. With an optimal allocation of time, the extra points earned from the last minute devoted to each question will be the same.  Someone who earned 2 extra points from the last minute devoted to Problem 10, and 4 from the last minute devoted to Problem 8, ought to have spent less time on Problem 10 and more on Problem 8.  This is true irrespective of the total points earned on each question.

9.
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10. This production function shows constant returns from A to C, increasing returns from C to E, and decreasing returns from E to G.
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Additional Problems

1.    Given the following information: K = 1, 


L
 Q


O
 O


1
 10 


2
 25 


3
 50 


4
 70 


5
 85 


6
 95 


7
 100 


8
 103 


9
 105 


10
 106

       Where L is Labor, K is capital, and Q is output.

1. a) Find the marginal product of labor and the average product of labor for L=2, L=4, and L=7.

b) Diminishing returns is identifiable with the employment of what unit of labor?

2. If labor is currently set at 5 units for a short run production process, and the marginal product of labor is currently 13, while the average product of labor is equal to 15, will the average product of labor rise or fall if labor is increased to 6 units?

3. Olivia wants to plant apple trees in two orchards. Orchard A (Oa) is larger than Orchard B (Ob) but is less level, rocky, and more difficult to irrigate, so that apple trees in Orchard A tend to produce less apples. Orchard B is small but the soil is rich, the land is level and apple production is higher per tree than in Orchard A. Olivia has 150 trees to plant; if she estimates the apple production in each orchard to reflect the following data, how many trees should she plant in each orchard?

                                  Orchard A                                                          Orchard B
	Number of Trees
	Number of Apples
	Number of Trees
	Number of Apples

	10
	750
	10
	1200

	20
	1500
	20
	2400

	30
	2250
	30
	3200

	40
	3000
	40
	4000

	50
	3750
	50
	4750

	60
	4500
	60
	5400

	70
	5250
	70
	5800

	80
	6000
	80
	6000

	90
	6750
	90
	5900

	100
	7500
	100
	5600


4. Determine which of the following production functions exhibit decreasing returns to scale, increasing returns to scale, or constant returns to scale.

a. Q=K/(L)2 

b. Q=4K + 2L 

c. Q = a KalphaLBeta (alpha + beta = 1) 

d. Q = a KalphaLBeta (alpha + beta < 1)

Do any of the above equations exhibit the law of diminishing returns?

5. What is the difference between diminishing returns and decreasing returns to scale?

6. True or false. The marginal product curve intersects the average product curve at 

the latter curve's minimum point.

Answers to Additional Problems

1. a)  L =2:

MP(L) = (25‑10)/1 = 15

AP(L) = 25/2 = 12.5

L = 4:

MP(L) = (70‑50)/1 = 20

AP(L) = 70/4 = 17.5

L=7:

MP(L) = (100‑95)/1 = 5

AP(L) = 100/7= 14.29

b) The law of diminishing returns sets in between L = 3 and L = 4 since this is where the 

      marginal product of labor begins to decline.

2. At L = 5, the marginal product curve lies below the average product curve, which indicates that the average product of labor must be falling. This implies that the average product of labor will fall if labor is increased to L = 6.

3. Olivia should set the marginal product in Orchard A equal to the marginal product in Orchard B. The marginal product in Orchard A is a constant value of 75. Therefore, Olivia should set the marginal product in Orchard B equal to 75. This occurs when 50 trees are planted in Orchard B. Accordingly, Olivia should plant 50 trees in Orchard B and 100 trees in Orchard A.

4. a)    Decreasing returns to scale 

b)  Constant returns to scale 

c)  Constant returns to scale 

d)  Decreasing returns to scale

5. Diminishing returns is a short-run phenomenon. It applies to additions of variable inputs holding at least one input constant. Decreasing returns is a long-run phenomenon and applies when all inputs are varied.

6. False; it intersects the AP curve at the AP's maximum point.

Answers to Chapter 9 Appendix Problems

1.   a) F(K,L) = 4 K1/2 L1/2 ;  F(cK,cL) = 4 (cK)1/2 (cL)1/2 = cF(K,L), so constant returns.        MPL = 2 K1/2 /L1/2, MPK = 2 L1/2/K1/2 , both of which decline, so this production function  satisfies the law of diminishing returns (LDR).  



1. b) F(K,L) = aK2 + bL2 ; F(cK,cL) = a(cK)2 + b(cL)2 =c2F(K,L)  , so increasing returns to scale.  MPK = 2aK, MPL = 2bL, both of which are increasing, so neither satisfies the LDR.


1. c) F(K,L) = min(aK,bL) ; F(cK,cL)
= min(acK,bcL) = cF(K,L), so constant returns. MPL = b when K > (b/a)L , 0 when K < (b/a)L.  MPK = a when K <  (b/a)L, 0 when K >  (b/a)L.  Here the marginal product of each variable input drops precipitously at K = (b/a)L then remains constant at 0, so this production function does not satisfy the LDR.

1. d) F(K,L) =  4K + 2L ; F(cK,cL) =  4cK + 2cL = cF(K,L), so constant returns. The marginal products of both inputs are constant, so this production function does not satisfy the LDR.

1. e) F(K,L) = K.5 L.6 ;  F(cK,cL) = (cK).5 (cL).6  = c1.1F(K,L), so increasing returns.  Both marginal products decline, so satisfies LDR.

1. f) F(K,L) = K1.3K2.3L.3  ;  F(cK1,cK2,cL) = (cK1).3(cK2).3(cL).3  = c.9F(K,L), so decreasing returns.  All MPs decline, so satisfies LDR.

2. For K=27, we have Q=6L1/3, so MP=dQ/dL=2L-2/3.

3.   Take the Cobb-Douglas production function of the form Q = F(K,L) = m Ka Lb.
      F(cK, cL) = m (cK)a (cL)b = ca+b m Ka Lb = ca+b F(K, L) 

      Since ca+b  is fixed for all levels of output, we will have decreasing returns if a+b>1, 

      increasing returns if a+b<1. But we can’t have both with the same production function.

4. Q = F(K, L) = min (2K, 3L) and K=6, L=5

      Then Q=min(12, 15)=12.

      MPK = F(7, 5) - F(6, 5) = 14 – 12 = 2.

      MPL=F(6, 6)-F(6, 5)=12-12=0.
5. The team's objective is to maximize its total yardage, which is the same as maximizing average yards gained per play, G.  G is the following weighted average of the yardage gained on passing and running plays: G  =  (1-r) (8+12r)  +  r (10-8r)  = 8 + 14r - 20r2 .

The first-order condition for a maximum is: dG/dr = 14 -40r = 0, which yields the optimal value of r:  r* = 14/40  = 0.35.  At  r*, the average gain per pass is 8+ 12(0.35) = 12.2 yards.  

      The average gain per run is 10 - 8(0.35) = 7.2 yards.

6.
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     If f represents the proportion of fastballs, your opponents' batting average against fastballs, denoted Af, is given by Af = .100 + .200f.  Their average against curves is Ac = .300 - .050f. 

     Their overall average against both types of pitches is the weighted average 


A = fAf + (1-f)Ac = .100f + .200f2 + .300 - .050f -.300f + .050 f2,  which reduces to 

A = .250f2 - .250f + .300. The first order condition for a minimum value of A is given by dA/df = .500f - .250 = 0, which solves for f  =  1/2.

    At f = 1/2, we have Af = .200, Ac = .275.  Note that these are the averages assumed in the baseball scenario discussed in the chapter.  If more than 50 percent fastballs are thrown, the effect will be to raise the opponents' overall batting average.

Answer to Homework Assignment

Homework  Assignment                       KEY:________Chapter  9___________
1. Take the setting of a typical McDonalds restaurant and tell the story of why increasing returns might occur from the first to the fourth employee. Then speculate on why diminishing returns will likely set in. Finally, what conditions could account for an eventual zero or even negative marginal product. Explain in words why McDonalds will not likely stop hiring at the point of diminishing returns.

Initially an increase to 2, 3 and 4 workers will allow for specialization of tasks and increased efficiency. While the addition of each of those workers might have brought increasing returns to the total number of hamburgers more workers would likely increase the number of hamburgers, but not at an increasing rate. Ten or 15 wokers may be able to produce the most hamburgers possible in the restaurant but after than one might suspect the workers to be so congested that more workers will result in less hamburgers being produced. This would be the point of negative marginal product. The point of diminishing returns will likely be one where the marginal product is still substantially above the wages that need to be paid so it is efficient to hire more until the margianal product equals the wage. 

2. Your company is considering the acquisition of several other companies. You generally target those companies that are inefficient because you can increase their value quickly with better management. In the resource markets the per unit price of labor is half the per unit price of capital. The first company you are considering has a marginal product of labor estimated at twice the marginal product of capital. The marginal products of both inputs in the second company are equal. Which company would be the better takeover target? Illustrate with a sketch graph of each firm why you picked the firm you did. 
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Firm 1 has a marginal rate of technical substitution that is 2 and the input price ratio is ½. It is far too capital intensive. Firm 2 has the same problem but not as severe a missallocation of inputs. Therefore the first firm has more potential for efficincy gains and a lower price relative to market value assuming that you are the prospective buyer that has the best turnaround expertise.In perfect resource markets with perfect information all around the prospects for profit would be the same since other firms would bid to the point where expected returns are equalized. 

3. In order to develop graphing skills relating to total, average and marginal values, take the following somewhat unrealistic sketch of the points you receive on your next test. The points are related to the number of cups of coffee you drink as you study. Sketch the approximate marginal and average functions on the graph below. Since no numerical values are specified you need only concentrate on the key points where average and marginal values are equal, where they are zero, and where they change directions.  For questions 4 and 5 assume that the coffee is free from your roommate.

 Test score













       Cups of Coffee

     +  







   average points per cup of coffee

     0






marginal points 

    _



gained per cup of coffee
4. True or False: You would want to drink the amount of coffee that would make the average points gained per cup the greatest. Explain if your answer is true. Go to question five if your answer is false.

False

5. At what point on the graph above would you want to stop drinking coffee? Explain.

Since the coffee is free I would want to drink until the marginal point gain per cup is zero. My test score will be maximized at that point.

Notes:
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